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REMARKS ON LOW WEIGHT CODEWORDS OF 
GENERALIZED AFFINE AND PROJECTIVE REED-MULLER 

CODES 

S. BALLET AND R. HOLLAND 



Abstract. A brief survey on low weight codewords of generalized Reed-MuUer 
codes and projective generalized Reed-MuUer codes is presented. In the afiine 
case some information about the words that reach the second distance is given. 
Moreover the second weight of the projective Reed-MuUer codes is estimated, 
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C , _ , J ' namely a lower bound and an upper bound of this weight are given 

1. Introduction - Notations 

lyj ' This paper proposes an overview of the low weight codewords of generahzed 

O I Reed-Muher codes and projective generahzed Reed-MuUer codes caUed respectively 

GRM codes and PGRM codes. It includes a focus on their minimum distances as 

ff^ I well as the characterization of the codewords reaching these weights. It also includes 

^ ■ a study of the second weight, namely the weight which is just above the minimal 

^N I distance. The second weight is also called the next-to- minimum weight. 

The second weight is now known for GRM codes (see [4]), but is not known 
^b I for PGRM codes. Many results concerning this area are here and there in various 

^J i papers. In this situation, a comprehensive overview is needed. This is what we 

^— V I do at first. Then we study some results concerning the codewords of a GRM code 

p^ i reaching the second weight. These codewords are known when 1 < d < | (cf. [5], 

[18]). For other values of d we prove that an irreducible, non-absolutely irreducible 
polynomial cannot reach the second weight. For d < q — 1 we improve the previous 
result. More precisely we show that a polynomial having a factor of degree d > 2 
which is irreducible, non-absolutely irreducible, cannot reach the second weight. 
^ I We then determine an upper bound and a lower bound for the second weight of 

" " a PGRM code which is not already known. 

1.1. Polynomials and homogeneous polynomials. Let F^ be the finite field 
with q elements and n > 1 an integer. We denote respectively by A"(g) and P"((7) 
the affine space and the projective space of dimension n over F^. 

Let Fg[Xi, X2, ■ ■ ■ , Xn] be the algebra of polynomials in n variables over F^. If 
/ is in ¥q[Xi,X2, ■ ■ ■ ,Xn] we denote by deg(/) its total degree and by deg;^^(/) 
its partial degree with respect to the variable Xi. 

Denote by T{q,n) the space of functions from F" into ¥q. It is known that any 
function in J-{q, n) is a polynomial function. More precisely there is a surjective 
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2 S. BALLET AND R. HOLLAND 

linear map T from Fg[Xi, X2, • • • , Xn] onto J'{q, n) mapping any polynomial on its 
associated polynomial fmrction: 

f ^ T{f) 

where T{f){X) — J{X) is the evaluation of the polynomial / at the point X — 
(Xi, X2, • • • , Xn)- The map T is not injective and has for kernel the ideal generated 
by the n polynomials X^ — Xf. 

Ker(r) = {Xf - Xi, X| - X2, • • • , X« - X„) . 

Any element of the quotient ¥q[Xi,X2, ■ ■ ■ ,X„]/Ker(T) can be represented by a 
unique reduced polynomial /, namely such that for any variable Xi the following 
holds: 

deg^_(/)<9-l. 
We denote by TZP{q, n) the set of reduced polynomials in n variables over Fg. Then, 
the map T restricted to TZP{q, n) is one to one, namely each function of -F((7, n) 
can be uniquely represented by a reduced polynomial in TZP{q, n). 

Let d be a positive integer. We denote by TZP{q, n, d) the set of reduced poly- 
nomials P such that deg(P) < d. Remark that if d > n{q — 1) the set TZP{q, n, d) 
is the whole set TZP{q, n). 

Let 'H{q,n + 1, d) the space of homogeneous polynomials in 71 + 1 variables over 
Fq with total degree d. The decomposition 

¥q[Xo,Xi,X2,--- ,X„] = 0H(g,n + l,d) 

provides ¥q[Xo,Xi,X2,- ■ ■ ,Xn] with a graded algebra structure. Let J7d be the 
subspace of polynomials / in H{q, n + 1, d) such that f{X) = for any X S F""*"^ 
and denote by J the homogeneous ideal 

d>0 

It is known (cf. [13] or [TS]) that the ideal J' is the homogeneous ideal generated 
by the polynomials XfXj — XiX"^ where < « < j < n. 

1.2. Generalized Reed-Muller codes. Let d be an integer such that 1 < d < 
n{q— 1). The generalized Reed-Muller code (GRM code) of order d over F^ is the 
following subspace of F^ ' : 

RMq{d,n) = 

{(/(X))^^P„ I / e FjXi, . . . ,X„] and deg(/) < d} . 

It may be remarked that the polynomials / determining this code are viewed as 
polynomial functions. Hence each codeword is associated with a unique reduced 
polynomial in TZP{q, n, d). 

Let us denote by Za(f) the set of zeros of / (where the index a stands for 
"afhne" ) . From a geometrical point of view Za (/) is an affine algebraic hypersurface 
in Fg and the number of points Na{f) = #Za{f) of this hypersurface (the number 
of zeros of /) is connected to the weight Wa{f) of the associated codeword by the 
following formula: 

Wa{f)^q''-NM)- 
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The code RMq{d,n) has the followmg parameters (cf. [10], [H p. 72]) (where the 
index a stands for "afRne code" ) : 



(1) length m a {q,n,d) 

(2) dimension 



kaiq,n,d) 



d 
Y^V^/ ^\^ ( "■ \ i t-jq + n- 



t=0 3=0 



j J \ t-jq 



(3) minimum distance Wa {q,n,d) — {q ~ b)q" ° ^, where a and b are the 
quotient and the remainder in the Euchdean division oi dhy q — 1, namely 
d = a{q-l) + b and <b < q~ 1. 

We denote by Na {q, n, d) the maximum number of zeros for a non-null polynomial 
function of degree < d where 1 < d < n{q ~ 1), namely 

7V«(g,n,d) = q^^^WP{q,n,d) = g" - {q ~ b)q--^-\ 

Remark 1.1. Be careful not to confuse symbols. With our notations, the Reed- 
MuUer code of order d has length jna{q,n,d), dimension ka{q,n,d) and minimum 
distance Wa {q,n,d). Namely it is an 



niaiq, n, d), ka{q, n, d), W^^'^ {q, n, d) 



code. 



The integer n is the number of variables of the polynomials defining the words and 
the order d is the maximum total degree of these polynomials. 

The minimum distance of KMq{d, n) was given by T. Kasami, S. Lin, W. Peter- 
son in ;10 . The words reaching this bound were characterized by P. Delsarte, J. 
Goethals and F. Mac Williams in [B] and are described in the following theorem: 

Theorem 1.2 (Delsarthe, Goethals, McWilliams). The maximum number of ¥q- 
rational points, for an algebraic hypersurface V of degree d in the affine space of 
dimension n which is not the whole space F" is attained if and only if: 



V=(\J (UlliV.j) U ^H ^''^'■' d = a{q-l) + b, 




with < b < q — I and where the Vij and Wj are d distinct hyperplanes defined on 
¥q such that for each fixed i the Vij are q ~ 1 parallel hyperplanes, the Wj are b 
parallel hyperplanes and the a + 1 distinct linear forms directing these hyperplanes 
are linearly independent. 

1.3. Projective generalized Reed-Muller codes. The case of projective codes 
is a bit different, because homogeneous polynomials do not define in a natural 
way functions on the projective space. Let d be an integer such that 1 < d < 
n{q — 1). The projective generalized Reed-Muller code of order d (PGRM code) 
was introduced by G. Lachaud in [T^]. Let 5* a subset of FJ^+^ constituted by 
one point on each punctured vector line of F"+^. Remark that any point of the 
projective space P"(g) has a unique coordinate representation by an element of S. 



4 S. BALLET AND R. HOLLAND 

The projective Reed-MuUer code PKMq{n, d) of order d over P"(q) is constituted 
by the words {f{X))xeS where / g ^(q, n + l,d) and the nuh word: 

PRM,{n,d)^{{f{X))^^^ \fen{q,n + l,d)} 

U{(0,---,0)}. 

This code is dependent on the set S chosen to represent the points of P^{q). But 
the main parameters are independent of this choice. Following ^2j we can choose 

b = Uj^QOi, 

where Si = {(0, ■ • • , 0, 1, X^+i, • • • , X„) | Xk E Fg}. Subsequently, we shall adopt 
this value of S to define the code PRMq{n, d). 

For a homogeneous polynomial / let us denote by Zfi{f) the set of zeros of / 
in the projective space f"{q) (where the index h stands for "projective"). From 
a geometrical point of view, an element / S 'H{q,n + l,d) defines a projective 
hypersurface Zh{f) in the projective space f"{q). The number Nh{f) — #Zk.{f) 
of points of this projective hypersurface is connected to the weight Wh{f) of the 
corresponding codeword by the following relation: 

W,{f)^^ —-N,{f). 

q-1 

The parameters of PKMq{n,d) are the following (cf. [H]) (where the index h 
stands for "projective code"): 

(1) length mh{q,n,d) = '' ^_^ , 

(2) dimension 

kh{q,n,d) = 



t = d mod q - 1 Vj=o ^ 

< t <r 



X 




(3) minimum distance: Wf^ {q,n,d) — {q ~ 6)g"^°^^ where a and b are the 
quotient and the remainder in the Euclidean division of d — 1 by g — 1, 
namely d — 1 = a{q — 1) + 6 and < 6 < g — 1. 

We denote by Nf^ {q, n, d) the maximum number of zeros for a non-null homoge- 
neous polynomial function of degree d where \ < d < n{q — 1), namely 

-WiP{q,n,d) = 'i — ~{q~ b)q^^-^-\ 

q — 1 
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2. Minimal distance and corresponding codewords 

2.1. The affine case: GRM codes. For the affine case recall that we write the 
degree d in the following form; 

(1) d^a{q-l) + b with < 6 < g - 1. 

The minimum distance of a GRM code was given by T. Kasami, S. Lin, W. Peterson 
in [lOj . The words reaching this bound (i.e. the polynomials reaching the maximal 
number of zeros) were characterized by P. Delsarte, J. Goethals and F. Mac Williams 
in [B]. As indicated in [B] the polynomials reaching this bound can be written: 

a b 

(2) p{x) = ^0 n (1 - (^»(^) - ^«)'"') n (^-+i(^) - ^^o 

where X G F" the w' in the last b factors are distinct elements of Fg, the Wi are 
arbitrary elements of Fg with wq ^ and It are a + 1 linearly independent linear 
forms on F" 

Give here the geometric interpretation of such a polynomial / reaching the max- 
imal number of zeros. The hypersurface defined by / is the following arrangement 
of hyperplanes: 

(1) a blocks of <7 — 1 parallel hyperplanes, each of them directed by one of the 
a first linearly independent linear forms h, 

(2) one block of b parallel hyperplanes directed by la+i- 

Such a hypersurface will be called a maximal hypersurface and the associated poly- 
nomial is called a maximal polynomial. The corresponding weight is the minimal 
weight. 

2.2. The projective case: PGRM codes. Let us denote respectively by WJ^ {q, n, d) 

and Wf^ {q,n,d) the first and second weight of the projective Reed-Muller code. 

Lemma 2.1. Let d > n{q — 1). Then for any N such that < N < "^ _~ there 
exists a homogeneous polynomial of degree d in n + 1 variables having N zeros in 
P"(q). In particular wl;^\q,n,d) = 1 and VF,f' (<7,n,d) = 2. 

Proof, let 

w = (0 : : • • • : 1 : w^+i : • • • : w„) 
be a point in P"(g) and 



f'iX) 



j-i 



i=0 
n 



=J+1 



be the indicatorfunction for ui (cf. [H]). The "^ _~ polynomial functions f^{X) 
are a basis for the space of homogeneous polynomials of degree d. Let U — 
{ui,U2, ■ • • , un} be a set consisting of N distincts points of ¥"'{q). The function 

fix) = E /'(^) 



ujiu 
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has exactly N zeros, namely the points of U. D 

Lemma 2.2. For n ~ 1 and d < q ^ 1 the first and the second weight of the 
projective Reed-Muller code are respectively 

(3) Wl^\qA,d)^q-d+l. 

(4) W^f)(g,l,d) = g-d + 2. 

Proof. Let / a homogeneous polynomial in 2 variables of degree d where 2 < d < 
q — 1. We can write 

/(Xo,Xi) - Xo.g(Xo,Xi) + \Xf. 

where g is homogeneous of degree d — 1 and A G F^. Let us choose / such that 
A 7^ 0. If Xo = then Xi = 1. Hence / has no zero for X^ =0. If Xo = 1 
then f{l,Xi) = g{l,Xi) + XX f. Hence f{l,Xi) is a polynomial in one variable of 
degree d. Then it is possible to find / such that f{l,Xi) has d zeros in ¥q. In this 
case f{Xo,Xi) has d zeros in P^(q). 

Now let us choose / such that A = 0. In this case (0 : 1) is a solution and for 
Xq = 1 we have f{l,Xi) = g{l,Xi). Hence we can choose / such that f{l,Xi) — 
g{l, Xi) has d—1 zeros in F^. In this case f{Xo, Xi) has also d zeros. We conclude 

that Wl^^\q,l,d) ^ {q + 1) - d. 

Remark that as W^^'^ {q, l,d) > W^^^ {q,l,d) ^ q - d+1 we have W^^^ {q, l,d)> 
q — d + 2. It is straitforward, using for example 

f{Xo,Xi)=XogiXo,Xi)+Xf 

where f{l,Xi) has d — 1 zeros in F^, to build a function f{Xo,Xi) having d—1 
zeros. We conclude that WJ^ {q,l,d) = q — d + 2. D 

In order to describe the minimal distance for the projective case, write d — 1 = 
a{q — 1) + 6 with Q <b < q — 1. The minimum distance of a PGRM code was given 
by J. -P. Serre for d < q (cf. [19 ), and by A. S0rensen in [21] for the general case. 
The polynomials reaching the maximal number of zeros (or defining the minimum 
weighted codewords) are given by J. -P. Serre for d < q (cf. (TH]) and by the last 
author (cf. [TB]) for the general case. Let us recall the following result stated in 

m- 

Theorem 2.3. Let f be a homogeneous polynomial in n + l variables of total degree 
d, with coefficients in ¥q, which does not vanish on the whole projective space P"(q). 
Then the following holds: 

(1) The number of ¥ q-rational points Nh{f) of the projective algebraic set de- 
fined by f satisfies the following: 

(5) N^if)<^^^^-^-W^'\q,n,d) 
where 

W^^hn n d)-^ ^ ifd>n{q-l), 

^h {q.n,a}-<^ (9-%"-''-i ifd<n{q-l), 

with 

d-l = a{q-l) + b and Q <b < q-1. 
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(2) The bound in (0) is attained. When d < n{q — 1), the polynomials f 
attaining this bound are exactly the polynomials defining an hypersurface 
V = Zh{f) such that: V contains a hyperplane H (namely f vanishes on 
H) and V restricted to the affine space A"{q) — P"(g) \ H is a maximal 
affine hypersurface of A" (q) . 

Proof. The point ([TJ is proved by S0rensen in |21| . However, in order to prove at 
the same time the point ([2]) and to repair a flaw which is in the proof given in (16] , 
let us rewrite entirely the proof given by S0rensen of the point ([T]) and let us show 
that one can deduce the result [2] from this proof. 

li d > n{q — 1), as / does not vanish on the whole projective space P"(<7), then 
^h{f) < '' _^i 1- Lemma [2.11 proves that this bound is attained. 

If d < n{q — 1) and V = Zh{f) contains a hyperplane H, we can suppose that 
this hyperplane is given by Xq = 0, so that / = Xq/i, where /i is an homogeneous 
polynomial of degree d — \. The complement of H is the affine space 

A"(9) = {xe r\q) I X, = 1}. 

Let /i be the polynomial in n variables obtained from /i by setting Xq = 1. This 
polynomial is defined on A"(g) and does not vanish on the whole affine space A"-{q). 
Hence, using the result of Kasami and al. ([I^), we obtain: 

Naifl)<q''-{q~b)q--^-\ 

and consequently 

~ o" — 1 
Nhif) = #H + Naifi) < ^— ^ + 9" - (9 - b)q^-'^-\ 

n+l _ 1 
N,,{f)<?—-^-{q-b)q"-^-\ 

where the symbol # denotes the cardinal. The bound is attained if and only if the 
polynomial /i verifies the conditions of maximality given in [^ . 

If d < n(q — 1) and V — Zh{f) does not contain any hyperplane, we give a proof 
of (O by induction on n. If n = 1 and d > g — 1 we know by Lemma [2. II that the 
result is true. If d < q — 1 the homogeneous polynomial / in two variables of degree 
d can be written: 

/(Xo, Xi) - aXf + bXogiXo, X^) 

where a ^ Q and 6^0 because V does not contain any hyperplane and where g is 
a non null homogeneous polynomial function of degree d — 1. The point at infinity 
Xq — Q,Xi = 1 of the projective line is not a zero, then the only zeros are points 
such that Xq = 1 and Xi is solution of a polynomial equation in one variable of 
degree d. Then Nh{f) < d and the induction property is verified. 

Next suppose that the property is true for n— 1 and Zh{f) does not contain any 
hyperplane. Then for any hyperplane H we have 

#iZ,,{f)nH) < ^—j - Wt'\q,n^ l,d), 
#(if \ Zhif) nH)> Wt'\q, n-1, d). 
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Let US count the number M of couple (Af , H) where iJ is a hyperplane and M a 
point in (P"(g) \ Zh{f)) H H . Wc know that the number of hyperplanes containing 
a given point is ^ ^^ . Then 

This number is also the fohowing sum on the ^ _"''' hyperplanes of the space P^^(g) 

„n-|-l 1 

N=y]#{H\Zn{f)nH)>'i wip{q,n-l,d). 

Z-^ (7—1 



H 1 

Then 



Wh{f)>qWl^'Hq,n-l,d). 
As d < n{q — 1) we have two cases: 

(1) d < {n - l){q - 1) and then wl;^\q,n - l,d) ^ {q - b)q'^-''-'^. Hence 
qWJl '{q,n—l,d) ~ {q — b)q^^^°-^^ = Wf^ '{q, n, d). In this case we conclude 

WH{f)>W^^^\q,n,d), 

which proves that the the induction property is verified and also that the 
bound cannot be reached by a hypersurface which does not contain any 
hyperplane. 

(2) {n-l){q-l) < d<n{q-l) and then iy^^^(q, n - 1, d) = 1, a = n-l and 
Wl^^\q,n,d) =q-b. Then 

Whif) > qW^p{q,n- l,d)=q>q-b, 

WHif)>W^^\q,n,d), 

which proves that the the induction property is verified and also that the 
bound cannot be reached by a hypersurface which does not contain any 
hyperplane. 

The point ([2]) is a consequence of the above reasoning. 

D 

3. The second weight in the affine case 

Let us denote by Wa {q,n,d) the second weight of the GRM code RMq{d,n), 
namely the weight which is just above the minimum distance. Several simple 
cases can be easily described. If d = 1, we know that the code has only three 
weights: 0, the minimum distance Wa {q, n, 1) = q" — q"^^ and the second weight 

(2) 

Wa {q,n, 1) = q". For d = 2 and q = 2 the weight distribution is more or less 
a consequence of the investigation of quadratic forms done by L. Dickson in [7] 
and was also done by E. Berlekamp and N. Sloane in an unpublished paper. For 
d = 2 and any q (including q — 2) the weight distribution was given by R. McEliece 
in |13j . For q = 2, for any n and any d, the weight distribution is known in the 
range [Vl^o {2,n,d),2.5Wa {2,n,d)] bv a result of Kasami. Tokura. Azumi jllj. In 
particular, the second weight is Wa {2,n,d) = 3 x 2"^'^^^ ii 1 < d < n - 1 and 
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.(2) 



W^'^' (2, n, d) = 2"-"+! if rf = n - 1 or rf = 1. For d > n{q - I) the code RM,(d, n) is 
trivial, namely it is the whole T{q, d, n), hence any integer < t < g" is a weight. 
The general problem of the second weight was tackled by D. Erickson in his thesis 
[H 1974] and was partly solved. Unfortunately this very good piece of work was 
not published and remained virtually unknown. Meanwhile several authors became 
interested in the problem. The second weight was first studied by J. -P. Cherdieu 
and R. Rolland in [5] who proved that when g > 2 is fixed, ior d < q sufficiently 
small the second weight is 

WJ^'^Hq,n,d) = g" - dg"-l + {d~l)q''-^. 

Their result was improved by A. Sboui in |18| . who proved the formula for d < q/2. 
The methods in 'W and flS] are of a geometric nature by means of which the 
codewords reaching this weight were determined. These codewords are hyperplane 
arrangements. Then O. Geil in [9], using Grobner basis methods, proved the formula 
for d < q. Moreover as an application of his method, he gave a new proof of 
the Kasami-Lin-Peterson minimum distance formula and determined, when d > 
(n — l){q — 1), the first d+l — (n— l)(g— 1) weights. In particular for n = 2 the 
problem is completely solved, and this case is particularly important as we shall see 
later. Finally, the last author in [17], using a mix of Geil's method and geometrical 
considerations found the second weight for all cases except when d — a{q — I) + I. 
However the Grobner basis method does not determine all the codewords reaching 
the second weight. 

Recently, A. Bruen ([4]) exhumed the work of Ericksen and completed the proof, 
solving the problem of the second weight for Generalized Reed-MuUer code. De- 
scribe a little more the result of Ericksen. First, in order to present his result 
introduce the following notation used in [8 : s and t are integers such that 

d = s{q - I) + t, with < t < q - I. 

Theorem 3.1. The second weight Wa (q^n^d) is 

Wf^ {q, n, d) = l^iD (9, n, d) + cq^-'^' 

is the minimal distance and c is 



where Wa (q, n, d) = {q — t)q^ " ^ 
q ^I 

t-1 if 

or 

q «/ 

c = < g - 1 if 

q if 

q if 

ct if 

The number Cj is such that Ct + {q — 



1 andl<t<^ 



s = n — 1 

s < n 

s < n — 1 and t = q — 1 ^ 1 

s — Q and t = \ 

q < A, s < n — 2 and t = 1 

q — 3,s — n — 2 and t — 1 

q — 2,s — n~2 and t — 1 

q> 4:,0 < s <n-2 and t = 1 

q > 4, s < n - 2 and ^ < t 

t)q is the second weight for the code RMq(2, t). 



It results from the previous theorem that if one can compute the second weight 
for a case where c = ct, the problem is completely solved. Alternatively, Ericksen 
conjectured that Ct = t — 1 and reduced this conjecture to a conjecture on blocking 
sets O Conjecture 4.14 p. 76]. Recently in ^ A. Bruen proved that this conjecture 
follows from two of his papers [2], [3]- Then the problem is now solved by [5] + ID- 
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It is also solved by j8] + [9] (the important case n = 2 is completely solved in [9 and 
this leads to the conclusion as noted above) or by [8] + [17] (the cases not solved in 
[5] are explicitly resolved in [T7]). More precisely 

Theorem 3.2. The coefficient ct used in the previous theorem \3.1\ is 

ct^t^l. 

Remark 3.3. The values s and t are connected to the values a and b of the formula 
([1]) in the following way: a = s and b = t unless t — q ~ 1 and in this case a = s + 1 
and 6 = 0. Let us also express the second weight with the classical writing ^ for 
the Euclidean quotient (cf. [U]): 

The second weight is given by the following: 
T) n = 1 (and then q > 2): 

W!,'\q,n,d)=q-d+l; 

II) n > 2 

A) d=l: 

B) d>2 
l)q = 2 

a,) 2 < d < n - 1: 



Wi^Hq,n,d) 



<7 ; 



h) d = n-l: 



Wi^Hq,n,d)^3xT^-''-'; 
W^i2)(q,n,d)=4; 



2) g> 3 

a) 2 <d < q: 

Wf^ {q, n, d) = q" - dq''-^ + (d - l)^"-^. 

b) (n-l)((j-l) <d<n{q-l): 

Wi^\q,n,d) = q-b + l; 

c) q<d< (n-l)(q-l) 

i) 6 = 0: 

WJ,'Hq,n,d)=2q-—\q-l); 
h) 6 = 1 
a) q = 3 

I^i2)(3,n,d) = 8x3"-"-2; 

/3) 9 > 4: 

W!,^\q,n,d)=q^-''; 
in) 2<b <q-l: 

Wi'\q, n, d) = q^-''-''{q - l){q -6 + 1). 

Finally let us remark that we now have several approaches, close to each other, 
but nevertheless different. The first one [H],[l] is mainly based on combinatorics 
of finite geometries, the second one [5], [18], [17] is mainly based on geometry and 
hyperplane arrangements, the third [9], |17j is mainly based on polynomial study 
by means of commutative algebra and Grobner basis. All these approaches can be 
fruitful for the study of similar problems. 
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The polynomials reaching the second weight are known for 2d < q (cf. [8j 
Theorem 3.13, p. 60], 18J. For the other values of d the result is not known. 
However we can say that: 

Theorem 3.4. If f G TZP{q, n, d) is an irreducible polynomial but not absolutely 
irreducible, in n variables over ¥q, of degree d > 1 then the weight Wa{f) of the 
corresponding codeword in RMg(n,d) is such that Wa{f) > Wa {q,n,d). 

Proof. The tedious proof is postponed in Appendix El D 

Theorem 3.5. If f G TZP{q,n^d) is a product of two polynomials f — g.h such 
that 

(1) 2<d'^ deg(g) <d^ deg(/) <q-l; 

(2) g is irreducible but not absolutely irreducible; 

then Waif) >w!i^\q,n,d). 

Proof. The number of zeros of / is such that Na{f) < Na{g) + Na{h). By Lemma 
IA.2I (cf. Appendix) the following holds: 

Na{g) < jq'"'- 

The number of zeros of h can be bounded by the maximum number of zeros for a 
non-null polynomial function: 

N{h) < {d-d')q''-\ 

Then 

NM)<{d-d' + ^)q-\ 

But 1^ > 1, then 

and as d — 1 < q the following holds: 

Naif) < dq""-' - (d- l)g"-2 = qn _ W^^\q,n,d). 

D 

Remark 3.6. In any case, among the words reaching the second distance, there are 
hyperplane configurations. For example the hyperplane configurations given in [17j . 

4. The second weight in the projective case 

In this section we tackle the unsolved problem of finding the second weight 
M^f ^ {q, n, d) for GPRM codes. 

Lemma 4.1. Let f be a homogeneous polynomial in n+1 variables of total degree d, 
with coefficients in ¥q, which does not vanish on the whole projective space ?"((/). // 
there exists a projective hyperplane H such that the affine hypersurface {F"'{q) \ 11)0 
Zh{f) contains an affine hyperplane of the affine space A''^{q) = P"(g) \ H then the 
projective hypersurface Zh{f) contains a projective hyperplane. In particular if f 
restricted to the affine space A"(g) defines a maximal affine hypersurface then Zh{f) 
contains a hyperplane. 
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Proof. Suppose that 

/(l,Xi,...,X„) = (^(Xi,..-X„)-a)/i(Xi,.-. ,X„) 
where ^(^'^^1, ■ • • X„) is hnear, then 

fiXo,Xi, ■ ■ ■ ,Xn) — 

{KXi,- ■ ■ ,Xn) ~ aXo) fi{Xa,Xi,- ■ ■ ,X„) 

where fi{Xo, Xi, • • • , Xn) is the homogeneous polynomial obtained by homogeniza- 
tion of fi{Xi, ■ ■ ■ ,Xn)- We conclude that / defines a hypersurface containing a 
hyperplane. D 

Lemma 4.2. For n > 2 the following holds 

Proof. Let us introduce the following notations: 

d - 1 = Sd-iiq - 1) + td-l, 

where 1 < t^-i < <? — 1; 

d = Sdiq- 1) + td, 

where 1 < td < q — 1. 

c{d — 1) and c{d) 

are the values of the coefficient c which occurs in Theorem l3.fl with respect to d— 1 
and d. Then we have 

Wt'\q,n-l,d) = {q-td-i)q''-'--^-^ 
W^^\q,n,d) - {q^td)q''-'--^+c{d)q^-''~\ 
W^''Hq,n,d-l) = {q ~ td-i)q''-''-'-' + c{d - l)q"-'^-'-\ 
Denote by A the difference 

A^Wi^\q,n,d-l) 

[iwl'\q,n-l^d) + W!^^\q,n,d)) 

• If f < td-i < q ~ "2 then q > 2, td ~ td-i + 1 and Sd = Sd-i- In this case 
let us denote by s the common value of Sd and s^-i- Hence 

A ^ q'^-'-^td-i + c{d - 1) - c{d)) . 

- If s = n - I then c{d - I) = c{d) = q and A > 0. 

- If s < n-1 andl < td-i < 2±i-ltheng > 4 and c(d-l)-c(d) = -1. 
Hence A > 0. 

- If s < n-l and ^-I < td-i < ^ then q > 4 and c(d- 1) - c(d) = 
-1. Hence A > 0. 

- Ifs<n — l,g>4 and td-i = 1 then c{d — 1) — c{d) = q — id-i- Hence 
A>0. 

- Ifs<n — 1(7 = 3 and td-i = 1 then c{d— 1) — c{d) = 1. Hence A > 0. 

• If td-i — q — 1 then td = 1 and Sd = Sd-i + 1- Hence 

A = ^"-'^''-1-3 (c(d - l)q - c{d)) > 0. 

D 
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Remark 4.3. In the previous lemma, equality holds if and only if td~i = q — I, 
c{d — 1) = 1 and c{d) = q. 

For q > 3 this case cannot happen. 

For q — 2, c{d — 1) can be 1 if and only if Sd-i < n — 2. In this case, c^ is q if 
and only if s^ = n — 2. Then for q ^ 2 the equality holds if and only if Sd-i = n — 3 
(note that for q — 2 we always have i^-i = !)• Namely: 

d-1^ {n-3){q- 1) + 1. 

For (7 = 3, c{d — 1) can be 1 if and only if td-i = 2 and s^-i < n — 1. Moreover 
in this case c{d) = q ii and only if s^ = n — 1 . Then for g = 3 the equality holds if 
and only if td-i = 2 and Sd-i = n — 2. Namely: 

rf-1 = {n-2){q- l) + 2. 

(2) 

Theorem 4.4. Let Wf^ (g, n, d) be the second weight for a homogeneous polynomial 
f in n + 1 variables (n > 2) of total degree d, with coefficients in ¥q, which is not 
maximal. Let us define V^ {q,n,d) by: 

yf)(<7,n,d) = 2 
if d > n{q — 1) and 

(6) V^^\q,n,d) = wi'\q,n-l,d) + W;^^\q,n,d), 

if d < n{q — 1). Then the following holds 

Vl-^\q,n,d:)<wl^\q,n,d)<wi^\q,n,d~l). 
Proof. Let us remark first that by Lemma 14.21 

vP[q,n,d)<Wi^\q,n,d-l). 
If d > n{q — 1), as / does not vanish on the whole projective space P"(g), and / 
is not maximal then Nh{f) < "^ _~^ — 2. Lemma [2.11 proves that this bound is 

attained. Then in this case Wf^ {q,n,d) — 2. 

Suppose now that 2 < d < n{q — 1). Let / such that Zh{f) is not maximal. 
Suppose first that there is an hyperplane H in Zh{f). Then we can suppose that 

fiXa^Xi, ■ ■ ■ ,Xn) = Xf)g{Xo,Xi, ■ ■ ■ ,X„) 

where g is an homogeneous polynomial of degree d — 1. The function 

fi{Xi, • • • , Xn) — g{l, Xi, • • ■ , Xn) 

defined on the affine space A"(g) = F^{q)\H is a polynomial function in n variables 
of total degree d — 1. If it was maximum, by Theorem 12. 3[ the function / would 
also be maximum. 

Then #Zaifi) < q" - wP{q, n,d~ 1). Hence the following holds: 

„n — 1 

#Zh{f) < ^— Y +9" - WJ,^Hq,n,d~l), 

„n+l _ 1 

#^/.(/) < ^ _^ - Wi^Hq,n,d~ 1), 

and the equality holds if and only if /i reaches the second weight on the affine space 
A"(g). This case actually occurs. Hence for such a word, in general we have 

Whif)>Wi^\q,n,d-l), 



#{HnZh{f))<^^-^-Wl^'\q,n~l,d), 
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(2) 

and as the equality occurs, the following holds for the second distance: W/^ (g, n, d) < 

Suppose now that there is not any hyperplane in the hypersurface Zh{f)- Let 
iJ be a hyperplane and A"(<?) = P"(q) \ H. Then as 7? n Zh{f) ^ H 

and by Lemma |4. II 

# {Z^if) n A"(g)) < q" - W^^\q, n,d). 
Then 

#Zh{f) < ^— ^ - Wi'\q,n- l,d) 

+q"^WP{q,n,d) 
qn+l _ I 



< 



1 



- (Wll'\q,n - l,d) + Wi^\q,n,d)) 
and consequently 

Wh{f)>wi'\q,n-I,d) + W!^^\q,n,d). 
Then, for the second distance the conclusion of the theorem holds. D 

('2) 

Open question. What is the exact value of Wf^ {q,n,d)l This question remains 
open. However let us remark that \i 2d < q we know all the words reaching the 
affine second distance. Each hypersurface associated to one of these words is a 
hyperplane configuration. Then, by Lemma |4. II we conclude that 

Wl^\q,n,d)>wl^\q,n-I,d) + Wi''\q,n,d). 

Unfortunately we don't know Wa {q, n, d) and we don't know if Wf^ {q,n~l,d) + 
Wa {q, n, d) is greater than Wa {q,n,d— 1) or not. 

Appendix A. Proof of Theorem 13.41 



The proof of Theorem 13.41 is based on the two following lemmas. The first one 
is a key lemma which can be found in |20|.The second one is a slight modification 
of [H Theorem 2.1]. 

Lemma A.l. Let f be a non-zero irreducible but not absolutely irreducible poly- 
nomial over the finite field ¥q, in n variables and of degree d. Then one can find 
a finite extension ¥qi such that there exists a unique polynomial g absolutely irre- 
ducible over the finite field ¥qi , in n variables and of degree d' , satisfying: 

where G — Gal(¥qi /¥q) is the Galois group of¥qi over¥q and 

Degif) = [¥q, : ¥q]Deg{g). 
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Lemma A. 2. Let f G TZP{q,n,d) be an irreducible but not absolutely irreducible 
polynomial of degree d > 1. Let us set a and b such that d = a{q — 1) + b and 
< b < q~-l. Denote by u a number less than or equal to the smallest prime factor 
of d. Then the number Na{f) of zeros of f overVq satisfies: 

(7) iVa(/)<g"-2g"-L=(?^J-\ 
Moreover if a = 

(8) Naif) < -9""'- 

u 

Proof. Using the leniina lA.il we get: 

Zaif) = U Zaign- 
creG 

However all the conjugate polynomials g"' have the same zeros in F^. Hence Za{f) = 

Zaig). 

Let us denote by s the dimension [Fg/ : F^] of the vector space Vqi over the field 
¥q. We know that: 

d = Deg{f) = sDeg{g) == sd'. 
If {wi, ■ ■ ■ ,Ws) is a basis of F^/ over F,: 

s 

g{X)=Y,h,{X)w,, 
where hj e TZV{q,d' ,n) and are not all zero. Hence, 

Zaif) = n ^"(^j)- 

All the non-zero hj cannot be the same products of degree one polynomials (in this 
case, g would be proportional to a polynomial over Fg), so that, by the result of 
Delsarthe, Goethals, McWilliams |Q, ^Za{f) cannot attain the maximum number 
of zeros given by the formula of Kasami, Lin, Peterson (|10j): 

f^Za{f)<q--{q-b')q--'^'-^ 

where d' — a'{q — 1) + b' and Q <b' < q — 1. But a' is the integer part of d'/q — 1, 
namely: 

d' 



I 
a 



9-1 



s{q - 1) 



In any case: 

#Z,(/) < q» _ (g - (g - 2))9"-L^T^J-\ 

As s divides d we have u < s and consequently 

Now, if a = then a' ~ and we can improve the previous estimate. In this case 
we know that b' = d' = d/s, so that: 

As s divides d we have u < s and consequently the following inequality holds: 

s u 
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Let US remark that 2 < u so that if we replace m by 2, formulas are still valid. D 

Proof of Theorem \3.4\ 

By Lemma [A. 2 1 the weight Wa{f) of the codeword associated to / is such that 

(9) Wa{f)>2q''~\-^i^\~\ 

Moreover when a = the following holds: 

(10) Waif) > 9" - -g""'- 

u 
In general we shall applied this result with u ~ 2 unless we have more information 
on d and if we need a more accurate inequality. In the following we compare for 
any case Wa{f) to Wa {q,n,d) and we prove that Wa{f) > Wa {q,n,d). 

For n = 1 the result is trivial (/ does not have any zero). We suppose now that 
n > 2. Subsequently 02 is defined by: 

d 
_u{q-l) 
with u = 2 unless we specify another value. 

A.l. The case q = 2. 

• 2 < d < n - 1. We know that wP{q,n,d) = 3 x 2"-''-i. As d > 2, we 



have a 2 



> 1. If d is even then 2a2 — d and the following holds: 

-0,-2 



2(g-l) 

Wl^^\q,n,d) = 3 X 2"-2a2-i < 3 ^ 2"-'' 



< ^ X 2"-'^= < ^Waif). 

If d is odd, then 02 = ^ and d = 2a2 + 1. It follows that Wa{f) > 
4 X 2"-'^2-2 > 3 X 2«-2a2-2 ^ w!l^\q,n,d). 

(2) 

• d — n ~ 1. Then Wa (q, n, d) — A. As d > 2 we conclude that n > 3 and 
«2 = L^J < ^- Then 

Waif) > 2"""' > 2"^ >4 = WJ,^'>iq,n,d). 

A.2. The case q > 3 and 2 < d < q. 

• 2<d<(j-l. Here a = 0. Then W^q(/) > q" - 1(7""^ On the other hand, 
Wi^^(g, n, d) = q"- - dq'^-^ + (d - l)^"-^ ^hen 

Waif) - Wi^\q, n,d) > ^g"-l - (d - l)<z"-2, 

W^a(/) - WPiq,n,d) > g"-2 (^^ _ d+ ij . 

But g > 3 then ^ > |d and 

W^a(/)-M^P(9,'^,rf)>2<z"-^ 

• d = q - I. In this case iyi^^(q,n,d) == 2q"-i - 2<7"-2 ^j^jig ^^ = [ij = 

^n— 1 



and VFa(/) > 2g"-i. Hence 

W^a(/)"W^i'n9,'^,rf)>2<z"-^ 
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A. 3. The case q > 3 and {n — l){q — 1) < d < n{q — 1). In this case 02 < §, 
wP{q,n,d) = (q-b + l). On the other hand, Wa{.f) > 2q"-''^-^. If n = 2 then 
aa =0 and Waif) > 2<7 > wi'^\q,n,d). If n== 3 then 02 ^ land Waif) > 2q^-^ > 
2q> wP{q,n,d). If n > 4 then 1^„(/) > q"^ > 2q > wi'^\q,n,d). 

A.4. The case q > 3 and q < d < (n - l){q - 1). 

A.4.1. 6 = 0. In this case W^^\q,n,d) = 2q"-"-i(g - 1) and a2 = [§J . If a is 
even then o = 2a2 > 1. Then W^'^\q,n,d) = 2<7"-2a2 _ 2g"-2a2-i ^^^j Wa{f) > 
2^„_a2-i Hence, 

Wa{.f)~Wi^\q,n,d) > 2(7"-2a2 (^a^-l _ i) + 2q"-^''^~\ 

As (7°^^^ — 1 > we conclude that 

wM)-wP{q,n,d)>2q" 



ri-a-1 



If a is odd then a = 2a2 + l and w!,'^\q, n,d) = 2q"-2a2-i_2q"-2a2-2 rj.^^ foUowing 
formulas hold: 



n — 2a2— 2 



w{f)-WJ,'^\q,n,d) > 2g"-2a2-i (ga2 _ 1) + 2g" 
As 5"^ — 1 > we conclude that 

w{f)^WP{q,n,d)>2q"—\ 

A.4.2. fe= 1. 

• <7 = 3. In this case d = 2a + 1, and consequently the lowest prime factor of 
d is > 3. Then we shall take u = 3 for this case. Hence ao — „, '^ -,^ = 

— ^ [3(g-l)_ 

[|J < |, namely a2 < f + i. Moreover wP{q,n,d) == 8 x 3"-"-2 and 
VFa(/) > 2 X 3"-t-s-i. rpj^(,jj 

W^a(/) - Wi^\q, n,d)>2x 3"-»-2 1^34^ + 1 _ 4^ 

and as a > 1 

Waif) - Wi^\q,n,d) > 2 X 3"-''-2 (3! - 4) 

>2 x3""""^ 

• q > 4. We know that wi'^\q,n,d) = q""" and Waif) > 2g""""^ If 03 = 
then 

Waif) - W(,^\q,n,d) > 2g"-l - g"-« > q"-!. 

If a = 1 then d = q > 4 and 02 < JT^^ < | < 1- Then 02 = 0. Hence, 

if 02 = 1 then a > 2. Then Waif) > 9""^ and wPiq,n,d) < q"^-^ . We 
conclude that 

Waif)~WJ^^Hq,n,d)>0. 

If a2 > 2, we know that 02 = "^^^r'T and then a2 < |- + ^ or a > 2a2 — \- 
Consequently wi^\q,n,d) < ^"-2^2+^ ^l^[\^. Waif) > 2q"""^"\ hence 
Waif) - Wi^\q,n,d) > g"-2-2 + ^ (2g"^-| - 1) > 0. 
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A.4.3. 2<b<q-l. Wc know that wP{q,n,d) ^ q'^-''-'^{q-l)(q-b+l). From 

the definitions we get the two following inequalities: 

d d 

l<a< 



q-1 -q-V 

d d 

1 < 02 < 



2(9-1) ^- 2(9-1)' 

then 

< a - 2a2 < 1. 
If a is even then a = 2a2 > 2 and 

Wi'^Hq, n,d) = <z"-2a.-2^^ - l)(g - 6 + 1) < (7"-2a._ 

Hence: 

Waif) - W!,^\q,n,d> 2q^-'^--^ - g"-2-^ 
Wa{f) - Wi^\q,n,d) > q"-2a. ^^q-^-l _ ^^ ^ 
and as 02 > 1 we conclude that 

Wa{f)-W^'\q,n,d)>q"-'-\ 
If a is odd, a = 2a2 + 1, a > 1, 02 > 0. Moreover 

Wi^) (^^ n, d) = g"-2a.-3(^ - l)(g - 6 + 1) < g"-2«2- 



and 
Then 



Waif) > 2g 



,n— 02 — 1 



and as 2g"^ — 1 > 1 we obtain 

Wa{f)~WPiq,n,d)>q--^^^-\ 
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